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According t o  the  e l a s t i c  theory ,  t he  threshold  vo l t age  
of t he  l i q u i d  c r y s t a l  c e l l  does n o t  depend on the  l a y e r  
th ickness .  But t h e  th ickness  dependence was shown exper i -  
menta l ly  f o r  t h e  homeotropic a l igned  methoxybenzyliden-p- 
b u t h y l a n i l i n e .  We d i scuss  the  F rede r iks  t r a n s i t i o n  f o r  t he  
weak anchoring l i q u i d  c r y s t a l  ce l l .  Taking i n t o  account 
t he  s u r f a c e  i n t e r a c t i o n  energy,  t h e  c a l c u l a t e d  r e s u l t  of 
t he  threshold  vo l t age  ag rees  w e l l  w i th  the  experimental  
r e s u l t s .  

F rede r iks  and Zwetkoff’) showed t h e r e  is a th re sho ld  vo l t age  

t o  r e o r i e n t  t he  l i q u i d  c r y s t l  f o r  t he  homogeneous alignment.  

According t o  Gru le r  and Meier2) ,  t he  th re sho ld  vo l t age  can be 

expressed as rr(kl ~ / E o A E )  ’ I 2 ;  where k l  I i s  Frank cons t an t ,  EO and 

A& are the  d i e l e c t r i c  cons t an t  i n  vacuum and t h e  d i e l e c t r i c  

an i so t ropy  of t h e  l i q u i d  c r y s t a l ,  r e spec t ive ly .  This  express ion  

w a s  der ived  i n  the  case t h a t  t he  l i q u i d  c r y s t a l  is  s t r o n g l y  

anchored and can n o t  move a t  the  su r face .  The th re sho ld  vo l t age  

i n  t h e  above express ion  does n o t  depend on the  c e l l  th ickness .  

Tanamachi3) however showed exper imenta l ly  t h a t  t he  th re sho ld  

vo l t age  does depend on the  c e l l  th ickness  f o r  a homeotropical ly  

a l igned  methoxybenzyliden-p-buthylaniline (MBBA) . This  f a c t  can 

n o t  be  expla ined  t h e o r e t i c a l l y  wi th  s t r o n g  anchoring. I n  t h i s  

l e t t e r ,  w e  w i l l  d i s cuss  the  F rede r iks  t r a n s i t i o n  f o r  t he  case of 

t he  weak anchoring. 
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54 H. MADA 

Equilibriium s t a t e  of t h e  d i r e c t o r  i s  given by the  fo l lowing  

well-known ta rque  equat ion  f o r  t h e  homogeneously a l igned  nematic 

l i q u i d  c r y s t a l s  w i th  the  e l e c t r i c  f i e l d .  

Es in6cos 6 D i  d6 
= 0 ,  (1) ( l - k s i n 2 6 ) e  - k s i n 6 c o s 6 ( x ) 2  + k 1 1 E 0 sL ( 1+ss i n 2  6) 

where k=(k l l -k33) /k l l ,  s=AE/EL, and D is  the  z-component of the  

e lec t r ica l  dilsplacement. When the  l i q u i d  c r y s t a l  is  anchored 

s t r o n g l y  a t  the s u r f a c e  ( i . e .  6EO) ,  t he  th re sho ld  vo l t age  i s  

der ived  as T ( ~ ~ I / E O A E )  ' I2 from eq. (l)3). For the  l i q u i d  c r y s t a l  

having a nega t ive  d i e l e c t r i c  an i so t ropy ,  such as MBBA, k l l  is  

r ep laces  by k133 and As is taken  an abso lu te  va lue .  The s u r f a c e  

i n t e r a c t i o n  eoergy p l ays  an important  r o l l  f o r  t he  weak anchoring 

case. The re fme  we must cons ide r  t he  s u r f a c e  torque equat ion5) :  

z 

- - - 
(2) sin$cos$ [i;k (-) d0 2 + s i n $ c o s ~ ~ - - l + ( l - k s i n 2  d26 60)- d6 = 0 ,  AT 

dz k i  1 dz 

where 00 is  the d i r e c t o r  tilt ang le  a t  t he  s u r f a c e ,  $=00-@, and 

@ is  the  t i l t  ang le  of t h e  easy  a x i s  measuring from the  su r face .  

The q u a n t i t y  

e l a s t i c  cons tan t .  The i n t e r a c t i o n  energy is  expressed by the  

q u a n t i t y  AT which means the  an i so t ropy  of an i n t e r a c t i o n  energy 

between the  l t iquid c r y s t a l  and the  s o l i d  s u r f a c e 4 ) .  The b a r  i n  

the  equat ion  Gtands f o r  t h e  q u a n t i t y  a t  t he  su r face .  The e q s . ( l )  

and ( 2 )  give  t h e  equ i l ib r ium s t a t e  of t he  weak anchored nematic  

l i q u i d  c r y s t a l  c e l l .  

- -  - 
is  ( s in20k l+k2) /k l l ;  k l  and k2 are the  s u r f a c e  

When t h e r e  is  no app l i ed  vo l t age ,  t he  equ i l ib r ium s t a t e  is  

r e a l i z e d  as $GO, d0/dz=O, and d28/dz2=0, i . e .  t he  d i r e c t o r  t i l t s  

everywhere by @. When the  vo l t age  is  app l i ed  t o  the  l i q u i d  

c r y s t a l ,  d0/d&0 and d20/dz2f0,  i .e .  the  l i q u i d  c r y s t a l  deforms. 

I f  t he  easy  a K i s  l a y s  on the  s u r f a c e  (.+=O), t he  undeformed s t a t e  

is  a l s o  a s t a b l e  s ta te  even when the  v o l t a g e  i s  app l i ed  as can 
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WALL EFFECT OF FREDERIKS TRANSITION 55 

be d e r i v e d  from eqs .  (1) and ( 2 ) .  I n  o t h e r  words, t h e  t h r e s h o l d  

v o l t a g e  e x i s t s  o n l y  when $=O . 5) 

S t a r t i n g  from t h e  undeformed s t a t e ,  t h e  deformation i s  s m a l l  

v i c i n i t y  t h e  t h r e s h o l d  v o l t a g e .  We can w r i t e  t h e  deformed d i r e c t o r  

n ( z )  t o  b e  

n ( z )  = no + & n ( z ) ,  (3 )  

where no is  t h e  undeformed s t a t e .  The second term 6 n ( z )  i s  

p e r p e n d i c u l a r  t o  no and p a r a l l e l  t o  t h e  e l e c t r i c  f i e l d  E ( s e e  

Fig.  1). The deformation energy F i s  o b t a i n e d  from Frank theory :  d 

The e l e c t r i c  energy g i v e s  a c o n t r i b u t i o n  

( 5 )  
Fe = T o A E E 2 6 n 2 .  1 

We c o n s i d e r  t h e  deformation a t  t h e  s l i g h t l y  h i g h e r  v o l t a g e  from 

t h e  t h r e s h o l d  v o l t a g e  as shown i n  Fig.2.  I t  i s  convenient  t o  

Wall 
/ d,////////////, 

' J Z  

Fig .  1 

"0 

01 
Wal l  

The r e l a t i o n  between t h e  
undeformed d i r e c t o r  no and 
t h e  deformed d i r e c t o r  n ( z )  . 
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56 H. MADA 

n 

L 

Thickness 
Fig .2  The d i r e c t o r  deformat ion  of 

t h e  weak anchor ing  l i q u i d  
c r y s t a l  c e l l .  

ana lyse  bn(z)  i n  a Four i e r  series. 

where q=va/d,  v i s  p o s i t i v e  i n t e g e r ,  and d i s  c e l l  th ickness .  

I n s e r t i n g  t h i s  form of 6n(z)  i n t o  eqs . (4)  and ( 5 ) ,  and in t eg ra t inE  

once over  t he  th i ckness ,  t he  f r e e  energy p e r u n i t  a r e a  of s l a b  is 

obta ined  

F = -&n2 d (kl lq2-szoAEE2)-i;sin280~oA~E2. d 
4q q 

Since the  undeformed s t a t e  i s  s t a b l e ,  t h e  f r e e  energy must be 

p o s i t i v e  f o r  a l l  va lue  of t h e  parameter  6n . The minimum e l e c t r i c  

f i e l d  is  given by q=a/d (v=l)  corresponding t o  a deformation of 

half-wavelength d b i a sed  by 80 as shown i n  Fig.2.  We can put  E= 

Vld a t  V=Vth,  t he  th re sho ld  vo l t age  is  then  
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WALL EFFECT OF FREDERIKS TRANSITION 57 

From F ig .2 ,  6n:=sin28 I f  w e  pu t  t he  V as V f o r  t he  s t r o n g  

anchoring case ,  t h e  eq. (8) is  rewr i t t en :  
m' t h  S 

where r = s i n 2 8 0 / s i n 2 8  The r a t i o  r must be p o s i t i v e ,  thus  V <V m' t h  s 

Since t h e  deformation i s  s m a l l  around t h e  threshold  vo l t age ,  eq. 

(6)  can be w r i t t e n  as 

Next,  w e  w i l l  estimate the  r a t i o  r from eqs.  (1) and ( 2 ) .  

S u b s t i t u t i n g  t h i s  form of 8 i n t o  eqs. (1) and (2 )  , and w e  assumed 

8o<<l  and 8 <<1. Then one o b t a i n s  the  fol lowing express ion  from 

e q s . ( l )  and (2) by neg lec t ing  the  h ighe r  o rde r  i n  8 0  and 8 We 

a l s o  assumed r<l  f o r  s i m p l i c i t y .  

m 

m' 

I f  t he  an i so t ropy  of t he  i n t e r a c t i o n  energy is  i n f i n i t e ,  r becomes 

zero  ( i . e .  V =V ).  This  s i t u a t i o n  corresponds t o  the  s t r o n g  

anchoring. I n  the  case of f i n i t e  AT, t h e  threshold  vo l t age  is  

smaller than V . The c e l l  th ickness  becomes i n f i n i t e  o r  zero ,  t he  

r a t i o  r reduces zero  s o  one uses  the  t h i c k  ce l l ,  V is  as same 

as the  s t r o n g  anchoring case  eventhough the  i n t e r a c t i o n  between 

the  l i q u i d  c r y s t a l  and the  s u r f a c e  is  weak. 

r e s u l t s 3 )  and our  e s t ima t ion .  The s o l i d  circles are the  exper imenta l  

r e s u l t s  us ing  MBBA, and i n i t i a l  al ignment w a s  homeotropic. The 

s o l i d  l i n e  is  our  r e s u l t ,  t h e  phys ica l  parameters  used i n  the  

c a l c u l a t i o n  are: AE=-O. 4 7  , k11=5. 7x10- "N, k3 3=7. Ox10-'2N, i= 
3.2~10- '  , and A.rr=l.  1x10-'J/m6). The c a l c u l a t e d  r e s u l t  ag rees  w e l l  

t h  s 

S 

t h  

F igu re  3 shows the  comparison between the  exper imenta l  
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WALL EFFECT OF FREDERIKS TRANSITION 59 

with  the  experimental  r e s u l t s  except  t he  region of smal l  d. Such 

a discrepancy may occur  from t h e  approximations when w e  der ived  

t h e  e q . ( l l ) .  Ac tua l ly ,  the  r a t i o  r is of t h e  order  of un i ty  when 

the  c e l l  th ickness  is 2v.m. The assumption r<l  is n o t  v a l i d  f o r  a 

very t h i n  layer .  

I n  conclusion,  Freder iks  t r a n s i t i o n  vol tage  is  modified by 

the  magnitude of t h e  su r face  i n t e r a c t i o n  energy. For  weak 

anchoring,  t he  threshold  vo l t age  i s  smal le r  than t h a t  of the  

s t r o n g  anchoring case; Vth is a func t ion  of the  th ickness  of 

l i q u i d  c r y s t a l  l a y e r .  Thickness dependence of V agrees  wi th  

the  experimental  r e s u l t s .  More p rec i se  s o l u t i o n  w i l l  be 

necessary  f o r  t h i n  samples. 

t h  
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